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1. Reduction of the problem to the solution of two differential 
equations when the center of gravity of the body is located on 
one of the principal axes of inertia. lhe problem of motion of a 
heavy rigid body about a fixed point, with the center of gravity of the 
body located on one of the principal axes of inertia (e.g., y. = z. = 01, 
is reducible [ 1 I to the differential equations 

@)” = - v (T - Iz)~ + 4Q [Q (v - p”) + kp (T - h) - Qk2] 
\dt (1.1) 

#BC 2 ’ = ( > - A”v2 + AJvp2 -j- A2B,w + P’p4 + ANp% - A2BCr2 

(P” - AT) 2 + ii [p (T - h) - 2Qk] 2 $. A (v - p”) $ = 0 

Here 

Y = A2p= + B2q2 + C2r”, 2 = --Ai (Az,p + By,,q + Cz,r) = Ap 

T = Ap2 + Bq2 + Cr” (1.2) 

B,= B+C, J=2A-B-C, iV=2BC-Ail-AC 

P’=(rl-B)(C-A), Q= Mgz, 

and k, h, respectively, are constants of the integral of the moment of 
momentm relative to the vertical axis and the integral of the kinetic 
energy, which are defined by formulas (1.3) and (2.6) of [ 11 ; the rest 
of the notation is the usual one. 

Ihe variables yl, y2, yt are defined by equations (2.9) of [ 1 1 : 
H ,,rl = 1/gW,, - HkAp -H, 

H or2 = I/a& - H,& (1.3) 
H o~3 = .I/??icV,, - H&r 
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&en according to (2.61, (2.71, aud (2.3) of 11 I, 

H,=pp-k=&p(f-h)-2Qk], H,=kp-vp=-&v+k)-2Qkp] 

W,, = 0, W, = Cr, W,, = - Bq 

Equations (1.3) assuae the fonn 

2Qr,=+h 

2Q(v-pz)r2=Cr;+-Bq[p(r-h)-2Qk] 

2Q(v--pP2)r.9= -Bq-&CCr[p(+h)-2Qk] 

(1.4) 

Eliminating dt from equation5 (1.11, we obtain 

( > $ a = I (v, p, T, k, h) 
(1.5) 

(P" - AT) $ + A (v - p”) $ f A [p (1: - h) -2Qk] =O 

Slbstituting the first Fnler equation 

-$‘=(B-C)qr$ 

into (1.4) and taking into account the relations 

v-p2 =--;(~a-AT)-C(B-CC)? 

v-pa=-$(p”-h)+ B(B-C)q2 

and the second equation of (1.51, we get 

2QT,=s--h 

2Qr,=q(-$+ B$) 
2Q75=r(-$+c$) 

(l-6) 

'Ihe system of differential equations (1.51, where f is a known function, 

can be integrated by writing Y and r as polynomials in p and equating the 

coefficient5 of equal powers of p. The quantities p, q, r, according to 

(1.21, can also be expressed explicitly as functions of p (under the con- 

ditions obtained here). 

Ihe problem is reduced to one quadrature, that of the second diffe- 

rential equation of (1.11, with Y, r replaced by the appropriate functions 
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of p. 

‘lhis quadrature introduces a single arbitrary constant t,, which we 

shall sinply 

We assume 

grability of 

From this 

obtain 

Hence y 

(1.61, (1%. 

add to t. 

that one of the necessary conditions, k = 0, for the inte- 

the IL1 er -Poisson equations, obtained in [ 1 I is satisfied. 

condition, or from the second equation of (l.S), we then 

~QTI= - + [($ - T) $ + (Y - p”) $1 (1.7) 

yz, y7 are expressed as explicit functions of p by means of 

2. Steklov’s second case. To simplify the calculations, we shall 

use some of the results of Ill. 

We suppose that Y and r can be represented in the form of ‘polynomials 

of degree n in p with constant coefficients 

v=ao+qp+a,p2+. -. +a,pn 

+z = bo $ b,p $ b*p2 + . . . + b, p” (2.1) 

JGcpressions for the initial coefficients of the expansions of the 

functions V( t 1, r (t ) in a neighborhood of a pole of the second order and 

of p(t) in a neighborhood of a pole of order one 

y zzz t-2 (vg + v,t + v,t2 + . . .) 

P = t-l (PO + p1t + p2t2 + * * .) 
T = t-2(TfJ + T,t + .C,t2 + . . .) 

(2.2) 

were given in Section 4 of 11 1. 

Che of the necessary conditions for the special cases of the inte- 

grability of the &ler -Poisson equations, k = 0, is obtained from these 

expansions. We suppose that this condition is satisfied and that the 

coefficients of the expansions have the values 

vg = - AZ, p,, = iA 
(A - 2B) (A - 2Cj 

(A-L?)(A-CC) 
q,= -2A 

VI = p1 = 7’1 = 0 (2.3) 

Substituting (2.2) into (2.11, equating the coefficients of like 

powers of t, and using (2.31, we obtain 
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(A -E)(A -C) 
a’=(&24(&2c) ’ %=Va -2iAt/ 

2(A-@(A-C) 
&= A(A-2E)(A-2C) ’ b,=y- 

4i 
(A -_)(A -cc) 

V(A - 28) ( A--C) pz 

a1 = bl = 0, at = bi = 0 (i = 3, 4, 5, . . .) 

Hence the formulas (2.11 take the fon 

(A--)(A--) , 
‘==o+(A_2&(A_2C) P 9 ‘= bo+ 

2(A--)(A-CC) 
A(A-228)(A-2C) pa (2.4) 

Wstituting (2.4) in (1.61 and (1.71, we get 

(A--)(A-c) [B(A-2B)q*+C(A-2C)r2] 
‘fl = QA(A-228)(A-2C) 

r2= (A--)(A--) pq 
Q(2C-A) 

r = (A--)(A--C) pr 

’ ’ Q(28--A) 

If the polynomials (2.4) for v and r are substituted in 
third expressions of (1.21, with p = Ap, and the resulting 
are solved for p2 and g*, we obtain the expressions for p 
terms of r2 which were found by Steklov. 

(2.5) 

the first and 
two equations 
and q* in 

We have arrived at Steklov's second case 12 I. In this connection, we 
may mention that not only Steklov, but also Field [ 3 I, Gorliss 14 I, 
Fabbri[5,6,7 I and Kuz'min [8,9 1 have been concerned with integrating 
the equations and clarifying the various possiblities of the motion. 

3. Coriachev's second case. We perform the transformation 

t = E2 (3-f) 
on the independent variable in equations (1.1). 

As a result, the system (1.1) becomes 

dv 

(1 dS. 
= 4:_‘(-v((r- h)2 + 4Q rQ (v - p”) + kp (T - h) - Qk21) 

A2BC 
( 1 

$- a = 42 [ - AV + AJvp2 + A2B,v, + P'p* + AA'p% - A2BC+‘] 

(P"- 1 As)$ + A [p(~--- h) - 2Qk] $- + A (v - p") $ = 0 (3.2) 

lhis system of equations ackaits expansions of the functions y(t), 
p(t), r(t) about a pole different fran (2.2): 

v = E-*(&J + u1 5 +u2is+ . ..) @o # 0) 

p = E-'(vo + v,E + v&2 + . . .) (vo # 0) (3.3) 

‘F=E-4(Wg+wli+w21;2+...) (wo # 0) 
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Sbstituting (3.3) into (3.2), equating coefficients of equal powers 
of 5, and assuming the condition k = 0 to be satisfied, for determining 
the coefficients of the series (3.3) we obtain the following systems of 
equations: 

1. 4u, + w$ = 0, ug (U@ - BgfY,) + 13cwo= = 0 

(‘Ike third equation is an identity). 

(3.4) 

2. q + WlWO = 0, UlY, - WJO = 0, Q, = 0 

3. 8w,u,wo + 9u,* + 4Wl (aI+ 3u,w,) = 0 

4Au,Y, - 2Aw, (ZB,u, - BCwo) + 4Au, @I - B,wI) + 
+ ABCw,B - vos (4c, - ABC) = 0 

2AQ + (- 4uo + 3Awo) uo2 = 0 

rl. - 2U$o + 2wzjuowo + u2 (3u, + 2w,w,) + 2w,& + U,WIS = 0 

A%Yo - AwSI’, + AueY, - Aw21’, - Julvoa - 2vtCovo - Nwlvo2 = 0 

3A&- Au,wl+ 3AWgUt- u1 (3vOg+ Aw,) + VI (- 8uo+ 7Awo) vo+ ZAW~~~~=O 

5. 2upwos -j- 4 (w, - h) now, + us (3& + 4wlwo) + 4w& + 2u& + 
+2W3 (%Uo -I- 2W,) = 0 

2AauaYo - ZA*W,I’~ + 2A2usY, - 2A8wsI’l + 2A*u,Y4 - 
- 2AJu,vo2 - Au, (4voCo+ ABCvo) + 2Aw2(ABCw2 - h’v$) - 

- 4AJu~v,v, - 2Av12Co - 4ANv~w~vo - ~P’v,~ = 0 

4AL-& - PAusw1 + 2Awsul - 2~~2~~~ - 8~x5 (u. - Aw,) v, + 

+ Awzvo2 - 6u,v,v, - 4v,* (u. - Awe) + ~Av~w,~~~ = 0 

6. - 6~0 + 2~0~0 + 2 (WI + w,) wo + 2 (wa - h) w+o + 
+ ?@ + 2w&, + 2u2w2w, + WB%+ = 0 

AbaY - A2wllTo + A2udY1 - A2~,l’l + Au3 (2Au, - AB,w, - Jvoa) - 
- Au, (2Eo + ABC) v. - Aw, (A&u, - 2ABCw, + Nvo2) - 2AJu2vv,vo - 

- 2Av, (Z:lvo + vlCo) - 2ANw2vlvo - Aq2C1 - 4P’v,vos = 0 

5A& - 3A $zewl - w,ul) - 2.5) (voa + Aw2) - v, (8u, - 9Awo) v. - 
- AW&- 4u,v,vo - vz [6ug, + v1(8ao - 9Awo) - 6Aw,vo] + 

+ %iW,V,V, - 327,’ (ul - Aw,) = 0 

Here, for brevity, we put 

I’, = BluO - 2BCwo, I’, = B,u, - 2BCw, 
E$ = u,wo + wgo, s2 z.tz ~2wofw2uo-i-w3, 
C = ~2 + 2wzwo + w12, X0 = Ju, + Nwo, C, = Ju, -f- NwI 

Y. = 2u, - Blwo, Y 1 = 2ul - B1wl, Y, = us - B,w, 
sz - - U6WO+w6U0 d- (s= 1,...,5) 
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lhe values 

q,,--_B2 9 zv* = -4B or u,,=-4C2, w,=-4~ 

are a solution of the first system of (3.4). 

For precision we take the first values of uO, w . ‘Ihe second system 

of (3.4) yields u1 = w1 = 0. The third system of ( .4) assmes the form s 

w2 = 0 

16A (H - C) u* - (16nB - 15AC - 16 B2 + 16BC) 2~~2 G 0 

2Au, - (311 - 4B) z’,,~ = 0 

If the condition A = C = 4B/3 previously obtained (1 1 1 , Section 5) 

is excluded, then for v0 f 0, the determinant of the system consisting 

of the last two equations must be put equal to zero. This gives a 

necessary condition, which can be written in one of the following forms: 

c’ =W(A -24 
9.4 - 16B (3.5) 

It follows that A f 2B, B f C, and 

,I 
2 

= 3,4--B 
2A uo2 (3.6) 

‘lhe fourth system of (3.4) becomes 

u,+4Bw,=O 

ah, - ABw, --(A-B)v,v,=O 

3A (us - Bw,) - (7A - 8B) vlzio == 0 

(3.7) 

Eky virtue of (3.5), the solution of this system is 

218 = w3 = VI = 0 

Because of the relations previously obtained the fifth system of (3.4) 

can be reduced to 

16U” (Us + 2Uq - 2Blr) + (3A4--$B)a vo4 = 0 (3.8j 

8A2B (u4 - BwJ - r2rO) - z (u ; c) (A’ -GAB + 2AC + 8B2 - 4BC) vo4 = 0 

8B [A (uJ - Bw,) - 2 (A - B) v2vo] - (3A2;48) vo4 = 0 

Using the third equality of (3.5), the last two equations of (3.8) 
yield 
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V!Z 9AB - 57A=B + 108AB2 -MB’ 
-_= 
vos 16AB (A - 2B) (9A- 16B) (B -C) 

Rz will not derive explicit expressions for u,,, w,,~ 

lhe sixth system of (3.4) cau similarly be reduced to 

3u, +4Bw, = 0 

A (u, - Bw,) - 2Z3~2)~ = 0 
5A (us - Bw,) - (9A - 8R) 

v~v,-, 
= 0 (3.9) 

‘lbe determinant of this system (relative to u5, w5, II,) does not vanish 

because of (3.5); cousequeutly, u5 = w5 = u’3 = 0, etc. 

Rv amuse, as before, that 

v= mO+mlp+m,pa+...+mnpn 

= = no + n1p + n*pa + * * * + nnpn 
(3.10) 

Substituting (3.3), with the values of ui, vi, wi just found, in the 

left and right sides of (3.101, and equating coefficients of like powers 

of t, we obtain a system of algebraic equations for determining the 

coefficients ui and ni. Substituting the values of uO, wO, u2, v2 into 

the algebraic equations, we get 

Bn, - m4 = 0, Cn, - m4 = 4B(f,,y ‘) (3.11) 

Bra, - m2 = - _!$ = 4B ~~3” 

Cn, - m2 = _ 16B (to: ‘) v2 ._ .f$ = _ (3A - 4B)ftB~(it) (5A - 8B) 
2A(A - MB) 

m, = m3 = n, = n3 = 0, m, = n, = 0 (s = 5,6,7, . . .) 

Substituting the expressions for Y and r given by (3.10) into (1.6), 

with mi and ni as in (3.11), we determine 

4L1-3A 
Qra = 2 pq 

Q73=[- 2(A-2B)(9rl-lIti@ 
(3A - 4B) (3A - 8B) (5A - 8B) + 8AB (B - C) 

2'04 

It is not necessary to proceed further with the calculations 

that we have arrived at Goriachev’s second case I10 I. 
to see 

4. Other methods of obtaining the initial conditions of 
Steklov's and Coriachev's second cases. 'Ihe initial conditions of 

Steklov’s and Goriachev’s second cases can and subsequently will be ob- 

tained by methods other than those they used. We will also investigate 
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the possibility of supplementing these initial conditions 

as well as that of integrating the resulting equations. 

In his first paper [ 3 I , Field, denoting the principal 

inertia by J,, J,, J3, finds a special solution under the 

f=g=O, k-0 

Js2 = 2J,J?, 
T = _ 2MghJa (JI + J2 - Ja) 

(JI - Js) (Jz - Js) 

in various ways, 

moments of 

conditions 

(4-l) 

with the additional restriction J, > 2 J, or J, > 2 J, , where h, f, g are 

the coordinates of the center of gravity and T is a constant of the 

kinetic energy integral. 

Gorliss, in his first paper, using the same notation as Field, finds 

the initial conditions for the special solution in the form 

f=g=O, k=O 

E = Mgh (2JlJz - 2JlJa - 2J2Js + Js2) 

(Ja - JI) (Js - Jd 
, 2J,< J,< J, (4.2) 

where E is a constant of the kinetic energy integral. 

If we put J3’ 2J1 J2 in (4.21, we obtain conditions (4.11, assuming 

that the first supplementary condition J, > 2J, holds good. 

To compare the conditions, we introduce the Table S (see below). In 

this Table symbols occurring in the same column can be substituted for 

each other. The first row is our notation, the 

third Field’s, the fourth Gorliss’s, the fifth 

Kuz’min’s. 

second rowSteklov’s, the 

Fabbri’s, and the sixth 

I 

(A, B, C, 20, Y,, :a, IL, k, P, q, 

(A, B, C, a, 0, 0, - - P, q, 

s (Js, Jl, JQ, 11, 0, 0, T, h’, as, 01, 

I 

(J:,, Jl, Jz, 11, f, g, E, h, 03, 01, 

CC* ..I, B, q,t 0, 0, 1~1~~ Kz r. p. 

(A, B, C, 20, 0, 0, - - P, (I, 

r, ‘,’ 1 ‘(2, YS) 
r, EY’ I), 5) 
02, ---(a, -.(1, ---A 

02, - Y39 - Ylt - Y?) 

Q? ‘l’s, Yl, Yd 

f1 -Y1, --yz, -Y3) 

In the Table the last three colusms denote the direction cosines of the 
force of gravity relative to a fixed coordinate system: 

Tl = sin 0 sin p, Tz = sin 0 cos p, T3 = cos 0, 7)11 = ~Gw,~ 

Applying the substitution Table S, conditions (4.2) can be written in 
the form 
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2c.c A<B, ?J~=:Z~‘O, x0+09 k=O 

h= Q(A* - 2AB - 2AC + 2BC) 
(A-_)(A--CC) (4.3) 

The constant of the area integral in Steklov’s 

&Yz + cry 
vJC 

vanishes according to (2. S), since it 

integral lch Steklov obtainedin the form 

second case, k = Awl + 
is proportional to the 

Ap~+(2B-A)q~+(2C-A)r2=O (4.4) 

Indeed, according to Steklov’s formula 

Qy 

2 
= (B---)(c--A) pq 

2C-A 

Qn = P--A)(C--A) p' 28 - A (4.5) 

or 

Qrl = 
(B-A)(C-A) [+n+ (2C-A;(B-Cc) ra] 

(2x9 -A) (ZC - A) 

it follows that 

k_ (A--)(A--G)CP 
- Q(2U-A)(2C-A) 

[A$ + (2B --A) qa + (2C - A) r$] 

which, because of (4.4), gives k = 0. 

By (4.4), Steklov’s expression for y1 can be rewritten as 

QYI = - (B-A)(C-A) [B(2B-A)q2+C(2C-AA)91 (4.6) 
A(2B-A)(2C-A) 

and this coincides with the value for y1 given by (2.5). Steklov obtained 

yet another integral 

A2p”+B(2B---_4)qa+C(2C-AA)?=& (4.7) 

where the constant K, is determined from the relation 

K,2(B-A)z(C-A)a 1 
Q”A” (2B - A)2 (2C - A)” = 

‘Ihe constant of the energy integral h = Ap* + Bq* + Cr* according to 

(4.4), (4.6), and (4.7) is 
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h=E Q(A”-~AB-~Ac+~Bc) 
0 

(LI - A) (C - A) 

(E 
o=rtl) 

Cinnparing condition (4.8) 

zo, k with condition (4.3), 

and the restriction imposed on A, B, C, yo, 
we see that they coincide (for c ,, = + 1). 

In his second paper [ 4 I , Gorliss, generalizing his previous case 

(including Field’s) and Kowalewski’s, found the initial conditions for 

the other special solution in the form 

(4.9) 

Applying Table S, condition (4.9) can be written as 

C= 
SB(z-l - 2B) 

9A -1w ’ 
go = 30 = 0, k=O 

h = (tQ(A -2B)(9A2--56AB +64B2) 
(%I- 4B) (15A” - 64AB + 64U’) 

(4.10) 

The constant of the area integral k = Apy, + Bqy, + Cry3 in Goriachev’s 

second case is equal to zero (as the coefficient of the 0-th power of p) 
according to the formulas he obtained for yl, y2, yg. 

By virtue of Goriachev’s relations [ 10 1 

B--CT2 - -4-B-t-X 
rl C 

p2 = L 

Qrl= 412 
A-B+x 

C 
-pI+(~+31,1,_t2).~-CB+X)p~~-Lh 

(4.11) 

la(l I ; 
‘ 

4”-;+;oP’+(h C-2~;‘B--~_XB+C-/-~_ 

where 

- 3&L 
> 

B-C 
p2-~-J-q2-Lh=0 

L QBC 4B -- 3A 

= (3_-1-4B)(2U-C)(28-3C) ) x =- 2 
(4.12) 

h 
= @A - 4B) (2B -C) (28 - 3C) 

UC 

the constant of the energy integral is a polynomial of fourth degree in 
p. Putting the constant terms in the polynomial in p equal to zero, we 

get 
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ABA 

w-Cc)r. + 

AC 
--22h L 
B-C I 

By the third relation of (3.5) and (4.12) the constant h has the value 

indicated in (4.10). 

‘Ihe restrictions on A, B, C, yO, zO, h obtained by Gorliss are the 

same as those in Goriachev’ s second case. 

5. Kowalewski' s case. In the system (1.11 we perform the trans- 

formation t = q312 on the independent variable. lhen ( 1.1) reduces to 

v (7 - h)2 + 44 [Q (v - p”) + k:, (7 - h) - Qk2]} 

2 (- A2v2 + AJvp2 + A~B,vT + P’p~+ANp% - A2BW) (5.1) 

(p” - AT) ;f + A [p (T - h) - 2Qk] if- + A (v - ~‘2) 2 = 0 

Ihe series 

v = 7, -3 (e, + e17j -t e2q2 + . . .) 
p = 7-l hl + sly + s2q2 + * * -) 

T = v-3 (Xa + qq + x‘j-$ + . . .) 

satisfy (5.1) formally. 

(e, + 0) 
hl# 0) 

6% # 0) 

(5.2) 

Substituting the series (5.2) in equations (5.1), equating coeffi- 

cients of equal power of 9 and assuming that k = 0 (one of the necessary 

conditions for the existence of a unique solution obtained in [l I), we 

get the following system of equations for determining the coefficients 

of the series (5.2): 

‘I . 4e, + xo2 = 0, PO2 - B,e,x, + BCx,,? = 0 

(The third equation is an identity). 

3 .&. e, (16e, + 3~~~) + Gx,e,x, = 0 

gAe, (2e, .- B,w,) -- !lAx, (B,e, - 2Xx0) + so2 [4ABC - 9 (Je, + Nx,)] := 0 

A (elxO - qe,) + 3e0s02 - 2Aso2xo = 0 

3. 3e, (Se, + 3~,,~) + 1 Sx,e,x,, + 16e,” + 1 8elxlx0 + 9q2e, = 0 

.42e2 (2e, - B,x,) - t12x, (B,e, - ~UCKJ + A2er2 - Ae, (AB,x, + Js,~) - 

- 2As, (Je, + Nx,) so + A21Gc,2 - ANx,s,~ - P’s,” -1 0 

2A (e+, + x?eO) - 2e1s02 - s, (6e, - UK,) s,, + Llx,s,z = 0 (5.3) 
. . . . . . . . . . . . . . . . . . . . . . . . 

The solution of the first system of (5.3) is 



1060 A.A. Bogoiavlcnrkii 

e, = -4B2, x0=-4B or e, = - 4C2, x0= -4c 

For precision, we will take the first values. 

lhe second system of (5.3) assumes the form 

e,-66Bx,=O 

!A4 (B - C) (e, - Bx,) - (9AB - 8AC - 9B2 + 9UC) .so2 = 0 

A (e, - Bx,) - (2rl- 3R) so2 = 0 

TO have so f 0 the determinant of the system relative to eI, K~, so 

must be put equal to zero, lhis gives 

A 
= 18B(B-CC) 

9B - IOC 
(5.4) 

as 

Then 

e 
1 

= 6(2A - 3B)s,“l 
5A ’ 

x 
1 

= .(2.4 - 3B) so? 
5AB 

Further computation of the coefficients is not necessary. We assume, 

we did earlier, that 

v = I!0 + x1p + x2p2 + * * ' + Y,nP, = = $0 + +1p + $2p2+ * . . + q,, (5.5) 

Sbstituting the series (5.2) into (5.5) and equating coefficients of 

like powers of 9, we get a system of algebraic equations for determining 

the Xi and $i. 

Putting e0 P - 4B2, K~ = - 4B in these equations, we get 

B& - x2 = 3B -j2A , q, - x2 = 
(2A - 3B)(C - 6B) _ 128 (U-C) s, 

5AB $9 

Bj,, _ ;c, _ B~,so e.? _;_ 2 (2A - 3B) ~1 
A (5.6) 

‘.‘$I --I = 
CA* - CT2 
L - 2 (q2 - z2) s, - s 3 (q% - XR) (s,so + s,2) 

ii = %i=o (i 4, 5, 6, . .) 

Substituting the expressions (5.5) for V, r into (1.6), we obtain 

X?r2 = 'I r4, -- ZI + a(W, -- ;c2)p + 3(B+,--xXn) p21 

2Qn = I' rc& --%t + 2 (C+~-Y.~)P + :~(C&---~~~),O~I 

(5.7) 

Kowalewski [ 11 ] found the condition on Ai B, C expressed by (5.4) and 

expressions for y2, y7 given by 
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2Qrz = - c [al + 2 (BZ - A+) p] q 

24~~ = B 
[ al’s1 + 2 ( 

C-A\ 
a2 - 7) P + 3a3’el-lpa 

3 

(54 

r 

For example, we conpare the coefficient of pq in the expression for 

y2 in Kowalewski’s formula (5.8) with that of (5.7). 

From (5.8), this coefficient, by (5.4), is equal to 

B (9B - 6C) 

Q (YB - iOCj W) 

The same coefficient, according to (5.7), (5.4) and (5.6) is equal to 

the same expression, with sign reversed. The difference in sign is ex- 

plained by the fact that the sign of the factor Q in Ller’s equations 

differs in the cases 

Kowalewski' s case. 

6. Chaplygin's 

being compared. Hence (5.4) and (5.7) characterize 

second case. We consider the transformations 

p = 2’1’ , t = p 

and assume that the condition k = 0 is satisfied. for p and t in (1.1) 

After these trausfonnations, (1.1) transfons into 

- /z)~ + 4Q2 (V - z3)] 

C [- A2v2 + AJv9 + A2B,m + P’z6 + AiYz”s - AaBW] (6.1) 

(2” - AT) $- + .-; A (7 -- h) 7,2 $- + A (v _ z3> !!! = 0 
5 

lhis system is formally satisfied by the series 

v = :-3 (go + g1c + gJ2 + . . .) (go + 0) 
2 = :-‘(ho + ii,! -/- h&2 + . . .) (ho # ‘3 
‘; = c-3 (2, + z,c + z,t2 + . . .) (1” + 0) 

(6.2) 

Substituting the series (6.2) into (6.1) and comparing coefficients of 

equal powers of 5, we find the following systems for detenining the 

coefficients of the series (6.2): 

1. 460 + If = 0 

A2goa - AgO (/ho3 + AB,l,) - P’hoG - Ah,? (NZ, - ABC) + AaBCZoa = 0 

2g,--A&,=0 
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2. g1102 - 611golo = 0 

Ag, (2Ago - Jho3 - A&I,) - hI (3AJgo + 6P’ho3 + 3ANZo - A2BC) h,,’ - 
- Al, (AB,go + Nho3 - 2ABCZo) = 0 

2g, (2ho’ + Alo) + 6h, (3go - 2AZo) ho2 - AZ, (2g, + ho3) = 0 

3. 3g,Z,” + 18Z,g,I, + 16g12 + 18g,Z,Io + 9Z12go = 0 

Ag, (2Ago - ./ho3 - AB,lo) - h, (3AJgo + 6P’ho3 + 3ANlo + A2BC) ho’ - 
-A& (AB,go + Nho3 -2ABC1,) + A2g12 - Ag, (3Jh,hoa +AB,Z1)- 
- h,2 (3AJgo + 15P’ho3 + 3ANlo) ho + A2BCl12 - 3ANhlZlh,2 = 0 

2gz (ho3 t 24) + 312, (6go - 5AZo) ho2 - Al, (4go - ho3) + 
+ 12g,h,ho2 + 3h12 (6go - 5AIo) ho - 6Ah,l,ho2 = 0 (6.3) 
. . ..f................. 

A solution of the first system of (6.3) is 

go = - AZ, ho3 = - A*(A-22B)(A-2c) 
(A-@(A-CC) ’ lo= -2A (6.4) 

The second system of (6.3) takes the form 

g1- 3A1, = 0 

Ag, [Iho + 2A2 (A - B - C)] f h, [6P’ho3 - 6A4 + 9A3B1 - 13A2BC]ho* + 

+ Who3 - A3B1 + 4A2BC] = 0 

4g, (ho’ - A2) + 6A2h,ho2 - AZ, (ho3 - 2A2) = 0 

If the determinant of the system relative to g,, h,, I, does not vanish, 
then 

g1 = hl = 11 3: 0 (6.5) 

‘Ike third system of (6.3) assumes the form 

g, + 3AZ, = 0 

Ag, [Jho3 + 2A2 (A - B,)] + h, (6P’ho3 - 6A4 + 9A3B, - 11A2BC) h,” + 
+ Al, (Nho3 - A3B, + 4A2BC) = 0 

2g, ( ho3 7 4A2) + 12A2h2h02 + A12(ho3 + 4A2) = 0 

Because of the value of h, 3 from (6.4) the determinant of the system 

relative to g,, h,, I, is equal to 

A- “(’ - 2B)” (’ - 2c’)2 (AB, - 3X) (9A2 - NAB, + 32BC) 
(‘4 - B)O (C - A)5 

If we assume that 1, f 0, then necessarily A = 0, and this yields the 

condition 

4BC = 9 (A -- 2B) (A - 2C) (6.6) 
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Without caquting the coefficients further, we suppose,as before, that 

v = ‘h, + h,z + k,z2 + . . . + h,z”, T = xc + 7Q.z + n,z2 + . . . + x,zn (6.7) 

Substituting the series (6.2) into (6.7) and equating coefficients of 

equal powers of 4 we obtain a system of algebraic equations for detemin- 

ing Xi, vi. 

Using (6.5) and (6.4), we get from these algebraic equations: 

Bx, - h, = 
(‘4-B) (C-A) (A-B) (C-A) 

A(A-2C) ’ 
crc3 -A,= 

A(A-22B) 

Bh - ga BTrl---khl = ~ - 
ho 

3 (A--)(C--)h h 
A (A-2C) 2 c 

c22-ga 
Cq-&= -- 

ho 

3 (A - B) (C - 4 iI, h 

A(A-m) 
z 0 

(64 

h, = ~;12 = 0, hi = “i = 0 (i = 4, 5, 6, . . .) 

Substituting the expressions for Y and r from (6.7) into (1.6) yields 

2Qrz = q [ B7r, - h, + 2 (Bx, - ‘h,) 2 + 3 (I?713 - ‘h,) 221 ;+ 
(6.9) 

2QrS = r [CTC, - h, + 2(Cx, - h,) z + 3 (I& - I+) z2] -$ 

As an exsmple, the coefficient of p q in the expression for y2 in 

(6.9) is 

(A-B)(C-A) 

V(-4-2C) 

according to (6.8), if we go back to the old variables. This value is the 
same as that obtained by olaplygin [12 I in his second case. 

It is not necessary to calculate or compare coefficimts further, to 
assert that (6.9) characterizes CLaplygin’s second case [12]. 
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